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Abstract 

Generalizing Jones's notion of a planar algebra, we have previously introduced an 
j42-planar algebra capturing the structure contained in the SU (3) ADS subfactors. 
We now introduce the notion of modules over an A2-planar algebra, and describe 
certain irreducible Hilbert A2-rL-modules. A partial decomposition of the A2- 
planar algebras for the AV£ nimrep graphs associated to SU (3) modular invariants 
is achieved. 

1 Introduction 

We introduced in [7j the notion of an y42-planar algebra. This was useful to understand 
the double complexes of finite dimensional algebras which arise in the context of SU (3) 
subfactors and modular invariants. Here we begin a study of their planar modules. 

These planar algebras are direct generalization of the planar algebras of Jones [T5] . 
To avoid too much confusion one could refer to these planar algebras of Jones here as 
74i-planar algebras which naturally contain the Temperley-Lieb algebra which encodes 
the representation theory of quantum SU{2). 

Our 742-planar algebras naturally encode the representation theory of quantum SU (3) 
or in the dual Hecke picture, the finite dimensional algebras which appear from the rep- 
resentations of the deformation of the symmetric group with generators the self-adjoint 
operators 1, Ui, U2, ■ ■ ■ , Un-i and relations: 

HI: Uf = SU 



H2 
H3 



1} 

UiUj = UjUi, |i-j|>l, 
UiUi+iUi — Ui = Ui+iUiUi^i — f/j+1. 
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where 5 = q + q ,gGC, and the extra relation 

(f/, - U,+2U,+iU, + f/,+i) (f/,+if/,+2f^.+i - f/.+i) = 0. (1) 

In [5] we computed the numerical values of the Ocneanu cells, announced by Ocneanu 
(e.g. [23l [211), and consequently representations of the Hecke algebra, for the SU{3) 
A'DS graphs. These cells give numerical weight to Kuperberg's [20] diagram of trivalent 
vertices - corresponding to the trivial representation is contained in the triple product 
of the fundamental representation of SU{3) through the determinant. They will yield in 
a natural way, representations of an y42-Temperley-Lieb or Hecke algebra. For SU{2) or 
bipartite graphs, the corresponding weights (associated to the diagrams of cups or caps), 
arise in a more straightforward fashion from a Perron-Frobenius eigenvector, giving a 
natural representation of the Temperley-Lieb algebra or Hecke algebra. 

The bipartite theory of the SU (2) setting has to some degree become a three-colourable 
theory in our SU{3) setting. This theory is not completely three-colourable since some 
of the graphs are not three-colourable- namely the graphs A^""^*, n > 4, and T)^"\ n ^ 
mod 3. The figures for the complete list of the AVE graphs are given in [ll |5]. 

2 Preliminaries on Jones' planar algebras and planar 
modules 

Let us briefly review the basic construction of Jones' Ai-planar algebras, and the notion 
of planar modules over these algebras. A planar A;-tangle consists of a disc D in the plane 
with 2k vertices on its boundary. A; > 0, and n > internal discs Dj, j = 1, . . . ,n, where 
the disc Dj has 2kj vertices on its boundary, kj > 0. One vertex on the boundary of each 
disc (including the outer disc D) is chosen as a marked vertex, and the segment of the 
boundary of each disc between the marked vertex and the vertex immediately adjacent 
to it as we move around the boundary in an anti-clockwise direction is labelled *. Inside 
D we have a collection of disjoint smooth curves, called strings, where any string is either 
a closed loop, or else has as its endpoints the vertices on the discs, and such that every 
vertex is the endpoint of exactly one string. Any tangle must also allow a checkerboard 
colouring of the regions inside D. 

The planar operad is the collection of all diffeomorphism classes of such planar tangles, 
with composition of planar tangles defined. A planar algebra P is then defined to be an 
algebra over this operad, i.e. a family P = {Pq , Pq , P^, k > 0) of vector spaces with 
P^ C Pk C Pk' for < A; < k', and such that for every fc-tangle T with n internal 
discs Dj labelled by elements xj G Pk^, j = 1,. . . ,n, there is an associated linear map 
Z{T) : ®j=i-Pfcj Pk, which is compatible with the composition of tangles and re-ordering 
of internal discs. 

A planar module over P is a graded vector space V = (y^^ ,Vq~ ,Vk, k > 0) with an 
action of P. Given a planar m-tangle T in V with distinguished ("K input") internal 
disc Di with with 2k vertices on its boundary, k > 0, and other ("P input") internal 
discs Dp, p = 2, . . . ,n, with 2kp vertices on its boundary, kp > 0, there is a linear map 
Z{T) : Vk ® (®p=2^fcp) ^ Kn, where Z{T) satisfies the same compatability conditions as 
for P itself. 
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2.1 as a TL-module for an ADE Dynkin diagram Q 

In the case of SU{2), Jones determined all Hilbert modules H^''^ of lowest weight 
k > 0, k & N, and of lowest weight 0. We will give a brief overview of these modules. 
For k,m G N, let ATLm,k denote the space of all annular (m, /c)-tangles (having 2m 
vertices on the outer disc and 2k vertices on the (distinguished) inner disc, where the 
vertices have alternating orientations) with no other internal discs, where composition 
of tangles is defined by inserting one annular (m, /c)-tangle inside the internal disc of an 
annular {k, n)-tangle. For 1 < < m, fc, m G N, let 7^ denote the set of annular (m, k)- 
tangles with no internal discs and 2k through strings. If ATLm,k denotes the quotient of 
ATLm,k by the ideal generated by all annular (m, /c)-tangles with no internal discs and 
strictly less than 2k through strings, then the equivalence classes of the elements of 7^ 
form a basis for ATLm,k- The group acts by an internal rotation, which permutes the 
basis elements. The action of ATL on ATL^^k is given as follows. Let T be an annular 
(p, m)-tangle in ATLp^^ and R G 7^. Define T{R) to be 6^TR if the (p, A;)-tangle TR 
has 2k through strings and otherwise, where TR contains r contractible circles and 
TR is the tangle TR with all the contractible circles removed. Since the action of ATL 
commutes with the action of Z^, as a TL-module ATLm,k splits as a direct sum, over 
the fc^^ roots of unity cj, of TL-modules which are the eigenspaces for the action 
of Zjt with eigenvalue uj. For each k one can choose a faithful trace tr on the abelian 
C*-algebra ATL^^k, which extends to ATL^^i^ by composition with the quotient map. The 
inner-product on ATLm,k is then defined to be {S,T) = tr(T*5') for S,T E ATLm,k- 

We now turn to the zero- weight case {k = 0). The algebras ATL±, which have the 
regions adjacent to both inner and outer boundaries shaded ±, are generated by elements 
a±azf, where a± is the (±, =F)-tangle which is just a single non-contractible circle, with 
the region which meets the outer boundary shaded ± and the region which meets the 
inner boundary shaded =F. Then the dimensions on K|_ and must be 1 or for any 
TL-module V. Then in V, the maps (T±a^: must contribute a scalar factor yU^, where 
< /i < 5. If = 6 , is simply the ordinary Temperley-Lieb algebra. When < fi < 6, 

is the TL-module such that m > 0, has as basis the set of (m, -|-)-tangles with 
no internal discs and at most one non-contractible circle. The action of ATL on V^, 
< /i < 5, is given as follows. Let T be an annular (p, m)-tangle in ATLp^m and i? be a 
basis element of V^. Define T{R) to be 6'' fi^'^TR, where TR contains r contractible circles 
and 2d + i non-contractible circles, where i G {0, 1}, and TR is the tangle TR with all 
the contractible circles removed and 2d of the non-contractible circles removed. The inner 
product on is defined by {S,T) = 6^fi'^'^, where T*S contains r contractible circles and 
2d non-contractible circles. When /i = 0, we have TL-modules V'^'~^ and V^'^ , where V^'^ 
has as basis the set of (m, ±)-tangles with no internal discs and no contractible circles. 
The action of ATL on V^'^ is given as follows. Let T be an annular (p, m)-tangle in 
ATLp m and i? be a basis element of V^'^. Define T{R) to be 6^TR, where TR contains 
r contractible circles. Now TR is zero if TR contains any non-contractible circles, and is 
the tangle TR with all the contractible circles removed otherwise. The inner product on 
V^°'^ is defined by {S, T) = if T*S contains any non-contractible circles, and {S, T) = 6^ 
otherwise, where r is the number of contractible circles in T*S. 

In the generic case, 5 > 2, it was shown that the inner-product is always positive 



3 



definite, so that if = ^ is a Hilbert TL-module, for the irreducible lowest weight k TL- 
module V. In the non-generic case, if the inner product is positive semi-definite, H is 
defined to be the quotient of V by the vectors of zero-length with respect to the inner 
product. 

Let ^ be a bipartite graph. Then the vertex set of Q is given by 5J = U 5J_ , where 
there are no connecting a vertex in 2J+ to another, and similarly for 5J_. We call the 
vertices in 23_ the even, odd respectively vertices of Q, and the distinguished vertex 
* of ^, which has the highest Perron- Frobenius weight, is an even vertex. The adjacency 

matrix of Q can thus be written in the form ^ ^ . We let r± = \^±\. The planar 

algebra of a bipartite graph Q was constructed in [13], which is the path algebra on Q 
where paths may start at any of the even vertices of Q, and where the graded part 
P^ is given by all pairs of paths of length m on Q which start at the same even vertex 
and have the same end vertex. Let fij, j = 1, . . . ,r+, denote the eigenvalues of AgAg. 
Then the following result is given in j26l Prop. 13], which motivated Proposition 15.41 The 
irreducible weight-zero submodules of P^ are H'^^ , j = 1, . . . ,r_, and r+ — r_ copies of 
H^, and these can be assumed to be mutually orthogonal. 

Reznikoff [SB] computed the decomposition of P^ as a TL-module into irreducible 
TL-modules for the ADE Dynkin diagrams. For the graphs Am, m > 3, 

s 

pA™_0^Mi^ (2) 

i=i 

where s = \_{m + l)/2j is the number of even vertices of Am and fij = 2 cos(j7r/(m + 1)), 
j = 1, . . . , s. For Dm, m > 3, 

t s-2 
pD^ = //Mi ^ _ ^)//0,± ^ jj2j,-l^ 

i=i i=i 

where s = [(m + 2)/2j, t = [(m — l)/2j are the number of even, odd vertices respectively 
of Dm, and fij = 2 cos((2j — l)7r/ (2m — 2)), j = 1, . . . ,t. For the exceptional graphs the 
results are 

pEe ^ J/Mi ^ //M4 //M5 ^2,-1 ^ jj3,u ^ ^3,a;-l ^ (-^^ 
pEs ^ ^Mi ^mi ^M13 ^2,-1 ^ ^3,0. ^ ^3,0.-1 ^ ^4,-1 

m'''^ © i/'-^" © i/''^' © H'''^^' , (6) 

where cu = e^'^*/^, = e^'^*/^, and /ij = 2cos(7rj//i) where /i is the Coxeter number. 



3 yl2-Planar Algebras 

We will now review the basic construction of our A2-planar algebras. An A2-planar i,j- 
tangle consists of a disc D = Dq in the plane together with a finite (possibly empty) set 
of disjoint sub-discs Di, D2, . . . , D^ in the interior of D. Each disc -D^, k > 0, will have 
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Figure 1: Trivalent vertices 



an even number 2{ik + j^) > of vertices on its boundary dD^ {io = hio = j)- A vertex 
will be called a source vertex if the string attached to it has orientation away from the 
vertex and a sink vertex if the string attached has orientation towards the vertex. The 
first jk vertices are restricted to be sources, the next 2ik vertices alternate between sources 
and sinks (with vertex + 1 a source), and finally the last jk vertices are all sinks. We 
will use the convention of numbering the vertices along the bottom edge (the last ik + jk 
vertices) by 1, . . . ,ik + jk in reverse order, so that the 2{ik + jA:)-th vertex is called the 
first vertex along the bottom edge. We say that Dk has pattern ik,jk- Inside D we have 
a tangle where the endpoint of any string is either a trivalent vertex (see Figure [I]) or 
one of the vertices on the boundary of a disc Dk, k = 0, . . . ,n, or else the string forms 
a closed loop. Each vertex on the boundaries of the Dk is the endpoint of exactly one 
string, which meets dDk transversally. 

The regions inside D have as boundaries segments of the dDk or the strings. These 
regions are labelled 0, 1 or 2, called the colouring, such that if we pass from a region R 
of colour a to an adjacent region R' by passing to the right over a vertical string with 
downwards orientation, then R' has colour a + 1 (mod 3). The segment of each dDk 
between the last and first vertices is marked with bk G {0, 1,2}, so that the region 
inside D which meets dDk at this segment is of colour bk, and the choice of these *b^. 
must give a consistent colouring of the regions. For the outer boundary dD we impose 
the restriction bo = 0. For i,j = 0, we have three types of tangle, depending on the 
colour b of the region near dD. 

An A2-planar 2,j-tangle T with an internal disc Di with ii,ji = i',j' vertices on its 
boundary can be composed with another 742-planar z', j'-tangle S, which has external disc 
D' such that the orientations of the vertices on its boundary are consistent with those of 
Di, giving a new i, j-tangle To^ S, by inserting the A2-tangle 5* inside the inner disc Di of 
T such that the vertices on the outer disc of 5* coincide with those on the disc Di and the 
regions marked by * also coincide. The boundary of the disc Di is then removed, and the 
strings are smoothed if necessary. We let V be the collection of all diffeomorphism classes 
of such A2-planar tangles, with composition defined as above. The y42-planar operad V 
is the quotient of V by the Kuperberg relations K1-K3 below, which are relations on a 
local part of the diagram: 
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K3: ^ - 

where S = [2]g, a = [3]q = 5^ — 1, and the quantum number [m]q is defined by [ni]g = 
(g™ — q~"^)/{q — q~^), for some variable g G C. 

An y42-planar algebra is then defined to be an algebra over this operad, i.e. a family 

P={P^,o^ae {0,1,2}, P,,,,2,j>0,^,jV0,0) 

of vector spaces with Pqq C Pij C Pi'j' for < i < i', < j < j', a G {0,1,2}, 
and with the following property: for every labelled i,j-tangle T G Vij with internal 
discs Di, D2, . . . , Dn, where Dk has pattern ik,jk, there is associated a linear map Z{T) : 
®k=iPik,jk — PiJ which is compatible with the composition of tangles in the following 
way. If 5* is a i^, j^-tangle with internal discs Dn+i, ■ ■ ■ , Dn+m, where has pattern 
ik,jki then the composite tangle T o; S* is a z, j-tangle with n + m — 1 internal discs Dk, 
k = 1,2, . . .1 — 1,1 + 1,1 + 2, . . . ,n + m. From the definition of an operad, associativity 
means that the following diagram commutes: 



id(g,Z{S) 



P., (7) 



<S>k=l PikJk /Z{T) 



so that Z{T oi S) = Z{T'), where T' is the tangle T with Z{S) used as the label for disc 
Di. We also require Z{T) to be independent of the ordering of the internal discs, that is, 
independent of the order in which we insert the labels into the discs. If i = j = 0, we 
adopt the convention that the empty tensor product is the complex numbers C 



4 yl2-Planar Modules and A2-ATL 

We now extend Jones's notion of planar algebra modules and the annular Temperley 
algebra to our A2-planar algebras (cf. Section 2 of [H]). 

Definition 4.1 (cf. ^IJj Def. 2.1]) An A2-annular tangle T will he a tangle in V with 
the choice of a distinguished internal disc, which we will call the inner disc. In particular, 
T will he called an A2-annular {mi,m2 : ki, k2)-tangle if it is an A2-annular tangle 
with pattern mi, m2 on its outer disc and pattern ki, k2 on its inner disc. If mi = m2 = 
or ki = k2 = 0, we replace the 0, with a, a E {0, 1, 2}, corresponding to the colour of the 
region which meets the outer or inner disc respectively. When mi = ki and m2 = ^2 we 
will call T an A2-annular mi,m2-tangle. 

Note, this annular tangle is different to those defined in [7]- here more than one internal 
disc is allowed, but one of those is chosen to be the distinguished disc (the inner boundary 
of the "annulus"). 
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12 !-l i !+l i+2 « 




12 !-l / ;+l i+2 n 

Figure 2: The m-tangle Wi, i = 1, . . . ,m — 1. 



Definition 4.2 (cf. JT^, Def. 2.2]) If P is an A2-planar algebra, a module over P, or 
P -module, will he a graded vector space V = {Vij, i,j > 0, i,j ^ 0, 0, Vq^) with an action 
of P. Given an A2-annular {i,j : i' , j')-tangle T in V with distinguished ('V input") 
internal disc Di with pattern i',j' and other ("P input") internal discs Dp, p = 2, . . . ,n, 
with patterns ip,jp, there is a linear map Z(T) : Vi'ji ® {®p=2Pip,jp) ^ ^i-j- ''^^P 
Z{T) satisfies the same compatability condition ^ for the composition of tangles as P 
itself. 

An 742-planar algebra is always a module over itself- we will call it the trivial module. 
Any relation (i.e. linear combination of labelled y42-planar tangles) that holds in P will 
hold in V, e.g. K1-K3 hold in V where a, 6 have the same values as in P. 

A module over an A2-planar algebra P can be understood as a module over the A2- 
annular algebra A2-AP, defined as follows. We define the associated annular category 
A2-AnnP to have three objects a for i = j = 0, a E {0, 1,2}, and one object for each 

> with i, j not both equal to zero, and whose morphisms are 742-annular labelled 
tangles with labelling set all of P. Let A2-FAP be the linearization of A2-AnnP- it has the 
same objects, but the set of morphisms from object i,j to object i',j' is the vector space 
having as basis the morphisms in A2-AnnP from z, j to i' ,j' . Composition of morphisms 
is A2-FAP is by linear extension of composition in A2-AnnP. The 742-annular algebra 
A2-AP = {A2-AP{i,j : i',j')} is the quotient of A2-FAP by relations K1-K3. 

Definition 4.3 (cf I14j Def 2.6]) We define A2-APij to be the algebra A2-AP{i, j : i,j) 
fori,] > with i and j not both zero, and A2-APa, a G {0, 1, 2}, to be the algebras spanned 
by A2-annular tangles with no vertices on the outer and inner boundaries, and with the 
regions which meet the boundaries coloured a. 

We apply this procedure to the 742-Temperley-Lieb algebra V^^ = alg(l, Wi, « > 1) for 
fixed 5 G C, where Wi are the tangles illustrated in Figure O This algebra was shown in 
[7] to be isomorphic to the A2- Temperley-Lieb algebra. The labels for the internal discs 
are now just y42-annular tangles. For mi, m2, ni,n2 > let A2-AnnT L{mi, m2 '■ ^1, ^^2) be 
the set of all basis y42-annular (mi,m2 : ni, 'n,2)-tangles. Elements of A2-AnnTL{mi,m2 : 
ni, 77-2) define elements of A2-ATL{mi, m2 : ^i, 77-2) by passing to the quotient of A2-FATL 
by relations K1-K3. The objects of A2-ATL are 0, 1 and 2 for mi = m2 = 0. When mi 
and m2 are not both equal to zero, the objects are the sets of 2(mi + m2) points with 
pattern mi,m2. A2-ATLmi^rn2{^) has as basis the set of y42-annular mi, m2-tangles with 
no contractible circles, or embedded circles or squares. However, non-contractible circles 
are allowed, which make each algebra A2-ATLmi,m2 infinite dimensional. Multiplication 
in A2-ATLmi,m2{^) is by composition of tangles, then reducing the resulting tangle using 



7 



Figure 3: A basis 742-annular (2, : 2, 0)-tangle containing hexagons, and the possibihty 
of an infinite number of hexagons 



relations K1-K3 to remove closed loops (Kl), embedded circles (K2) or embedded squares 
(K3). 

For all mi, m2 > such that mi + m2 > 2, the algebras A2-ATLjni,m2 ci-re also infinite 
dimensional due to the possibility of an infinite number of embedded hexagons in basis 
tangles in the annular picture, as illustrated in Figure [3l 

We have a notion of the rank of a tangle. A minimal cut loop 7 in an annular 
: i', j')-tangle T will be a clockwise closed path which encloses the distinguished 
internal disc and crosses the least number of strings. We associate a weight = (^1,^2) 
to a minimal cut loop 7, where ti is the number of strings of T that cross 7 with orientation 
from left to right, and ^2 the number of strings that have orientation from right to left, as 
we move along 7 in a complete clockwise loop. For a weight (ti, ^2), let tmax = max{ti, ^2} 
and tjniii = min{ti, ^2}- We will say (t[, t'2) is less than (^1,^2), and write (t'l, ^2) < {^11^2)1 

if t'l+t'2 < ti+t2, and ift'i+t'2 = ti+t2 then {t'^.Q < (tl,t2) if 2Cax+Cm < '^tmax+tmin- 

The rank of T is then given by the smallest weight = (^1,^2) associated to a minimal 
cut loop, such that (^1,^2) < for all other minimal cut loops 7'. 

Let A2-AnnT L^uii, 1712 '■ ^i,™2){ti,t2) denote the set of tangles in A2-AnnTL{mi,m2 : 
1711,1712) with rank (^1,^2)- Since the rank cannot increase under composition of tangles, 
the linear span of A2-AnnTL{mi, 1112 : ini,m2)(ti,t2) for all (^1,^2) < (^'15^2) for any fixed 
t[,t2 is an ideal in A2-ATLmi^rn2- 



Lemma 4.4 (cf. [T4\ Lemma 2.10]) Let P he an A2-planar algebra and let ti,t2 satisfy 

it' t' ) 

^tmax + tmin = ^m. For any t[,t2 such that 2t'jnax + t'min - ^^"^^^ ^"^-"^Phm 
the linear span in the algebra A2-APti^t2 of all labelled A2- annular ti,t2-tangles with rank 

Si-,S2) < (t[,t'2). Then A2-APl^^^'_i_^^ is a two-sided ideal. 



it' t' ) 

Remark: For A2-ATL the quotient of A2-ATLt^ t2 by the ideal A2-APf^\^^ is not in 
general finite dimensional, for 2tJ^g^x + ^^in — ^''■max + ^min- -^^^ example, consider the 
quotient of A2-ATLt,,t, by A2-AP^f^f^ (or A2-AP5f for 3 < 3A; < 2tmax + tniin- The 
elements ^(3k,o) and V5(o,3fe) (see Figure Hj) have ranks {3k, 0) and (0, 3k) respectively, and 
can be composed an infinite number of times, but the resulting tangle cannot be reduced 
using K1-K3. 

Lemma 4.5 (cf. [T4\ Lemma 2.11]) Let V = (V^j) be a P-module. Then V is indecom- 
posable if and only if Vij is an indecomposable A2-APi j -module for each i,j > 0. 
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Figure 4: v2(3fc,o) and v?(o,3fc) 



Definition 4.6 (cf. /i^j , De/. 2.12]) The weight wt{V) of a P -module V is the smallest 
integer i + j for which Vij is non-zero. If Va is non-zero for a G {0, 1, 2} we say V has 
weight zero. Elements of Vi'j' for i' + j' = wtiy^ will he called lowest weight vectors in 
V , and Viiji is an A2-APir j/ -module which we call a lowest weight module. 

Note that for i' + f = wt{V), all Vii+k,j'-k, —i' ^ k < j', are lowest weight modules 
for V. 

Definition 4.7 (cf. 114^ Def. 2.13]) The Hilbert series (called the dimension in fl^]) of 
a P-module V is the formal power series 

^ oo 

<l>v{zi, Z2) = -d%m{VQ © Vy © V'a) + dim{Vi^j)z\z{. 

i,j not both —0 

4.1 Hilbert P-modules 

If P is a C*-yl2-planar algebra, the *-algebra structure on P induces a ^-structure on ^42- 
AP, where the involution * is defined by reflecting an A2-annular (mi,m2 : ki, fc2)-tangle 
T about a circle halfway between the inner and outer disc, and reversing the orientation. 
T* will be an A2-annular {ki,k2 '■ mi, m2)-tangle. If P is a C*-A2-planar algebra this 
defines an antilinear involution * on A2-FAP by taking the * of the underlying unlabelled 
tangle for a labelled tangle T, replacing the labels of T by their *'s, and extending by 
antilinearity. Since P is an A2-planar *-algebra, all the A2-planar relations are preserved 
under * on A2-FAP, so * passes to an antilinear involution on the algebra A2-AP. In 
particular, all the A2-APi j are *-algebras. 

Definition 4.8 (cf Def 3.1]) Let P be a C*-A2-planar algebra. A P-module H 
will be called a Hilbert P-module if each Hi j is a finite dimensional Hilbert space with 
inner-product (•, •) satisfying 

{av,w) = {v,a*w), (8) 

for all v,w,& H and a G A2-AP. 

As in the SU{2) situation, a P-submodule of a Hilbert P-module is a Hilbert P- 
module. Also, the orthogonal complement of a P-submodule is a P-module, so that 
indecomposability and irreducibility are the same for Hilbert P-modules. The following 
Lemmas are SU{3) versions of Lemmas in [H], the proofs of which are very similar to 
those in the SU (2) situation. 



9 



Lemma 4.9 (cf. [T4\ Lemma 3.4]) Let P be an A2-C* -planar algebra and H a Hilbert 
P -module. If W <^ Hij is an irreducible A2-APi j-submodule of Hi j for some i,j, then 
A2-AP{W) is an irreducible P-submodule of H. 

Lemma 4.10 (cf. fl4\ Lemma 3.5]) Let P be an A2-C*-planar algebra and H a Hilbert 
P -module. Let V and W be orthogonal A2-APi j invariant subspaces of Hi j for some i,j. 
Then A2-AP{V) is orthogonal to A2-AP{W). 

As in the proof of [TJ Lemma 4.16], there is a bijection Qk : Vij Vi^k,j~k, —i<:k<j. 
Then dim(l^j) = dim{Vi+k,j-k), since if w 7^ in Vij but gk{v) = in Vi+k,j-k then 
V = Q~k^ Qk{v) = f?fc^(0) = which is a contradiction. The following Lemma shows 
that an irreducible Hilbert P-module H is determined by its lowest weight modules, and 
in particular H is determined by its lowest weight module -ffo,wt(//); since for all other 
i + j= wt{H), Hij = gi{Ho,^t{H))- 

Lemma 4.11 (cf. fl4\ Lemma 3.7]) Let P be an A2-C* -planar algebra and let H^^\ 
H^'^^ be Hilbert P -modules with H^^^ irreducible. Suppose there is a non-zero A2-APij 
homomorphism 9 : Hij* — > Hi'^j . Then 9 extends to an injective homomorphism B of 
P-modules. 

We will now determine which A2-APi j-modnles can be lowest weight modules. 

Lemma 4.12 Let P be an A2-C* -planar algebra and H a Hilbert P-module of lowest 
weight k and rank (ti,t2)- With i -\- j = k, any element w G Hi j can be written, up to a 
scalar, as aw for some a G A2-APi j with rank(a) = rank(w). 

Proof: First form ww* G A2-APij. Then dividing out by the relations K1-K3 we obtain 
a linear combination of elements in A2-APij, and we remove those elements that have 
rank < (ti,t2)- Ignoring the scalar factor we are left with a single element a G A2-APij 
with rank(a) = (^1,^2)- If we form aw, then dividing out by K1-K3 we obtain aw = 
fiw + Yliil^i'^i^ where /x, /ij G C and Wi G H^ j with rank(iUj) < (^1,^2) for each i. Then in 
H the Wi are all zero, so that fi~^aw = w. □ 

Lemma 4.13 (cf. JiTj Lemma 3.8]) Let P be an A2-C* -planar algebra and H a Hilbert 
P-module. For3{i+j-l) < 2t'jnax+^'rmn - let Hf]'^^^ be the A2-APij-submodule 

ofHi j spanned by the i,j -graded pieces of all P-submodules with rank < (^1,^2)- Then 

Corollary 4.14 (cf. JT^j Cor. 3.10]) The lowest weight modules of an irreducible P- 
module of rank (^1,^2) are A2-APij / A2-APi^^^'^^^ -modules, where 2tmax + trnin ~ j)- 

Then for an y42-C*-planar algebra P, we can determine all Hilbert P-modules by 
first determining the algebras A2-APoj/A2-APqj'^^^ and their irreducible modules, for 
2tmax + ^min ~ then determining which of these modules extend to P-modules. 
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4.2 Irreducible 742-*STL-modules 



We can easily determine certain irreducible 742-S'TL-modules. We will describe some 
zero-weight modules. However we have not determined all irreducible y42-S'TL-modules, 
even for the zero-weight case, since it is not clear that elements of the from (t|^^^ defined 
below must necessarily a contribute scalar factor, as A2-ATLa is not one- dimensional (and 
hence not isomorphic to C). 

Proposition 4.15 (cf. ^14j Prop. 5.9]) The algebra A2-ATLa, for any a G {0, 1,2}, is 
generated by the 0-tangles o'jj±i illustrated in Figure\3, j G {0, 1,2}. 




Figure 5: Cjj+i and o-jj^i 



Let H be an irreducible Hilbert y42-5'TL- module of lowest weight zero. For i G {0, 1, 2} 
and non-negative integers ki = k2 mod 3, let 

If the maps cr|^^_^ ^^-^ for any ki, k2 just give the complex number j3^^ jS^"^ for some fixed 

G C, i.e. (t|^^_^ ^^-) = 13^^ 13^"^ Ij, then the dimensions of Ha are at most 5, for a G {0, 1, 2}. 
To see this consider an arbitrary element given by a product of elements crj,j±i- Whenever 
the product cr;^i+icr;+i,/ appears, for some I G {0, 1,2}, we get a factor of Removing 
all such products we will be left with an element which contains only non-contractible 
circles with the same orientation. Any three consecutive such circles contribute a factor 
of OT (3 . Then up to some scalar, any element will have at most two non-contractible 
circles, with each circle having the same orientation. 

Proposition 4.16 (cf. [I4, Theorem 5.12]) An irreducible Hilbert A2-ST L-module H 
of weight zero in which the maps cr|^^_^ ^^j, i G {0, 1, 2}, are given by the complex number 

13^^^ ' for some fixed /S G C is determined up to isomorphism by the dimensions of Ha, 
a G {0, 1, 2}, and the number (3, where we require \[3\ < a. 

Proof: The uniqueness of the A2-S'T L-module is a consequence of Lemma 14.111 since at 
least one of Hq, Hj and H2 is non-zero. Let Ei, E2 be the tangles 
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so that a ^Ei, a ^£'2 are projections. Then since E1E2E1 = l/JpEi we have Wa'^Ei ■ 
a-^E2 ■ a-^Ei\ \ = \p\^a-^\\a-^Ei\ \ so that 1 > \l3\'^a-\ Hence < a. □ 
For l3 = a, V°j = STLij (since when (3 = a there is no distinction between contractible 
and non-contractible circles). For a > 3 (which corresponds to 5 > 2), the inner product 
is positive definite by [3 Lemma 3.10] and [27|, Theorem 3.6], and H°'j = V^^ is a Hilbert 
742-S'TL-module. For < a < 3, if the inner product is positive semi-definite on V°^j we 
let be the quotient of V"^ by the subspace of vectors of length zero; otherwise if", 
does not exist. 

Now consider the case when < \j3\ < a. We define for each i,j > (with 0,0 
replaced by a, a G {0, 1,2}, as usual), the set Thij to be the set of all : 0)-tangles 
with no contractible circles and at most two non-contractible circles. Now for each /3 
we form the graded vector space V^, where V^j has basis Thij, and we equip it with an 
y42-5'TL-module structure as follows. Let T G A2-ATL{i' , j' : i,j) and R G A2-ATLij. 
We from the tangle TR and reduce it using K1-K3, so that TR = J2j ^^^(^'^^TRj, for 
some basis y42-annular : 0)-tangles TRj, where bj, cj are non- negative integers. Let 

jjj denote the number of non-contractible circles in the tangle TRj which have anti- 
clockwise, clockwise orientation respectively. We define integers dj, fj and gj as follows: 
d, = min(tl», r,), fj = tl," - fj - If, if > fj and /, = otherwise, and gj = - - Ig, 
if ^ < Tj and gj = otherwise, where 7/^,73^ G {0,1,2} such that fj,gj = mod 3. 

Then we set T{R) = J^. 5''^ a"^ P'^^+^^p'^'^'^'TRj, where TRj is the tangle TRj with dj + fj 
anti-clockwise non-contractible circles removed, and dj + gj clockwise ones removed. 

Proposition 4.17 The above definition make into an A2-ST L -module of weight zero 
in which a^^^ = 13^^(3^'^ for a = 0, 1, 2. 

As with the Ai situation, the choice of (i,j : 0)-tangles rather than (i,j : 1)- or 
{i,j : 2)-tangles to define was arbitrary. For these other two choices, the maps 
T P~^Taoi, T ^ P TaQ2 respectively would define isomorphisms from those modules 
to the one defined above. 

Definition 4.18 (cf. Def. 5.17]) Given S,T e Thij, we reduce T*S using K1-K3 
so that T*S = ^■6^^a''^{T*S)j for basis (0 : 0)-tangles {T*S)j. Define dj, fj and gj for 

each {T*S)j as above. We define an inner-product by {S,T) = Y^-d^^a"^^ [3'^^'^^^ 13'^^^^\ 

Invariance of this inner-product follows from the fact that T*S = {S, T)Tq where Tq is 
the annular (0 : 0)-tangle with no strings at all. When the above inner-product is positive 
semi-definite, we define the Hilbert y42-S'TL-module H^^ of weight zero to be the quotient 
of by the subspace of vectors of length zero. Otherwise does not exist. 

Proposition 4.19 For the above Hilbert A2-ST L-module of weight zero, the dimen- 
sion of is either or 1 for any /3 G C \ {0}. 

Proof: For a = the result is trivial since is the linear span of the empty tangle Tq 

given in Definition 14.181 For a = 1, Vj = span(crio, cri2cr2o)- Let w = |/?p(Ti2cr2o — P^crio- 
Then 

{w, w) = \P\^{cri2a2o, cri2a2o) - \P\'^P {cri2cr20, ctiq) - /3^|/5p(crio, (Ti2cr2o) + \Pf{(yio, crio) 
= \P\\\/3\')-\f3\'p'f3'-(3'\P\'f+\Pm' = 0. 
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Then aio = ^cri2O'20 = (3(3 ^cri2cr2o in Hj. Similarly when a = 2, cr2icrl0 = (3 (3 '^a2Q- 

□ 

So we may define so that it does not contain any clockwise non-contractible circles, 
where we replace every aio by (3 (3^'^ a 20 and every cr2iO"io by (3 (3^^a2Q. 

Proposition 4.20 (cf. Cor. 5.8]) The Hilhert A2-STL -module , \(3\ < a, is 

irreducible. 

Proof: Since h!^ is at most one-dimensional it must be irreducible, for each a G {0, 1, 2}. 
The maps cijj+i moves a non-zero element in H!^ to an element in Hj^, and hence the 

lowest weight module Hq = © Hj © is irreducible as an y42-ATLo-module. Since 
Hf^ = A2-ATL{H^), the result follows from Lemma HE □ 
Now we consider the case when /5 = 0. For each i,j > (with 0,0 replaced by a, 
a E {0, 1, 2}, as usual), the set Th^j is defined to be the set of all {i,j : a)-tangles with no 
contractible or non-contractible circles at all. The cardinality of Th^ is 6a,i,. We form the 
graded vector space where V^j"' has basis Th°;j. We equip it with an y42-5'TL-module 
structure of lowest weight zero as follows. Let T G A2-ATL{i' , j' : i,j) and R G Th^j. We 
form TR and reduce it using K1-K3, so that TR = J2j S'^^ct'^^ as in the case < < a. 
We define T{R)j to be zero if there are any non-contractible circles in TRj, and TRj 
otherwise. Then T{R) = Y.j^^'Ci^'T{R)j. 

Proposition 4.21 The above definition make V^'"" into an A2-ST L-module of weight zero 
in which crjj±i = for j = 0, 1, 2 mod 3. 

Definition 4.22 (cf |77[ Def 5.22]) Given S,T E Thfj, we reduce T*S using K1-K3 
so that T*S = J2jS^'Ci^'{T*S)j for basis (a : a)-tangles iT*S)j. We define {S,T)j to be 
if there are any non-contractible circles in {T*S)j, and 1 otherwise. Then we define an 
inner-product by {S,T) = '^jS^^(y'^^{S,T)j. 

This inner-product is invariant as in the case < |/?| < a. Again, if the inner product 
is positive semi-definite we define H^'°' to be the quotient of V^'°' by the subspace of vectors 
with length zero; otherwise H^'°' does not exist. 

Proposition 4.23 The Hilbert A2-STL-module H°'^, a E {0, 1,2}, is irreducible. 
Proof is as for H^. 

5 The A2-planar algebra of an AVS graph 

Let Q be any finite SU{3) AT>S graph (not necessarily one for which there exists a fiat 
connection) with vertex set = QJq U U where is the set of a-coloured 
vertices of ^, a = 0,1,2. Let Ha = denote the number of a-coloured vertices and 
n = |5J^| = no -\- ni -\- n2 the total number of vertices of Q. Note that ui = n2 due to 
the conjugation property of the SU{?>) AVE graphs. For the non-three-colourable graphs 
ni = ^2 = and n = Uq. Let a = [3]g, q = e*'^/", be the Perron-Frobenius eigenvalue of 
Q and let = (0^) be the corresponding eigenvector. 
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We define a double sequence 



Co,o 


c 


Co,i 


c 




c 


n 




n 




n 




Ci,o 


c 




c 


Cl,2 


c 


n 




n 




n 




C'2,0 


c 


C2,l 


c 


C2,2 


c 


n 




n 




n 





where Co,o = The Bratteh diagrams for horizontal inclusions Cij C Qj+i are 

given by ^. If Q is three-colourable, the vertical inclusions Cij C Cj+ij are given by its 
j,j + 1-part Q-j-fifi, where p = t{p) is the colour of p for p = j,j + 1, whilst if Q is not 
three-colourable we use the graph Q for all the vertical inclusions Cij C C*j+i,j- Then for 
the inclusions 

Ci,j C C'ij'+l 

n n (9) 

with i even, we define a connection by 



We denote by Q the reverse graph of Q, which is the graph obtained by reversing the 
direction of every edge of Q. For the inclusions ([9]) with i odd, let cxi, (74 be edges on Q 
and let 3^2 , ^3 be edges on the reverse graph Q (so that ct2, a 3 are edges on ^). We define 
the connection by 



CT4 



^53,<T4 - "^si icra - A aal ia2 . [ii) 



^r((T3) V^s((T2) 



It was shown in [5j that these connections satisfy the unitarity axiom 



^ ] ^"-0-3,0-4 0-3, 0-4 "(Ti.crj "0-2,0-2 
0-3,0-4 



^03\'ct4 ^^3,^4 - Sai,a'Sa2,a'- (12) 



We make the double sequence (Cjj) into an yl2-C*-planar algebra as follows. Let 
= QJf for i = j = 0, and P^j = Cij for all other i,j > 0. We define a presenting 
map Z : P(P^) ^ p;^^. in the same way as we did for the double sequence (-Bjj) of 
finite dimensional algebras with a fiat connection in [7]. First, convert all the discs 
to rectangles, with the first ik + jk vertices along one edge, and the next ik + jk vertices 
along the opposite edge, and rotate each rectangle so that those edges are horizontal with 
the first vertex on the top edge. Next, isotope the strings of T so that each horizontal 
strip only contains one of the following elements: a rectangle with label Xk, a cup, a cap, 
a Y-fork, or an inverted Y-fork. Let C be the set of all strips containing one of these 
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elements except for a labelled rectangle. We will use the following notation for elements 
of C, as shown in Figures O [7] and [8j A strip containing a cup, cap will be U*^'\ fl*^*^ 
respectively, where there are z — 1 vertical strings to the left of the cup or cap. Strips 
containing an incoming Y-fork, inverted Y-fork will be T^*\ X^*^ respectively, where there 
are i — 1 vertical strings to the left of the (inverted) Y-fork. A bar will denote that it is 
an outgoing (inverted) Y-fork. 



1 i-l i i+l i+2 m+2 



1 7-1 



I m 



1 i-l 



I m 



1 i-l i i+l i+2 m+2 



Figure 6: Cup U(^) and cap n^^) 





I i 


-1 i 


i+l i+2 


m+l 


1 i 


-1 


;+l i+2 


m+l 






Y 








¥ 







1 i-\ i i+\ m 1 i-l i i+l m 



Figure 7: Y- forks Y^*^ and Y 



i+2 m+l 



1 i-l 



i+2 m+l 



-1 i i+l i+l m 1 i-l i i+l i+l m 

Figure 8: Inverted Y- forks X*^*-* and X^*'* 



For an element c G C with ni, n2 strings having endpoints (we will call these endpoints 
vertices) along the top, bottom edge respectively of the strip, let the orientations of these 
vertices along the top, bottom edge respectively of the strip be given by the sequences v*^^), 
v^^) respectively, where for i = 1,2, v^*^ = (t>Q f f ^ fg*"*, . . . , f;*^), where fg*^ G NU {0} 

and f^*^ G N for /c > 1, with X]fc=i "^i* ~ ^i- '^^^ numbers f^*'' denote the number of 
consecutive vertices with downwards, upwards orientation for k even, odd respectively. 
Note that if the first vertex along the top, bottom of the strip has upwards orientation, 
then = for i = 1,2 respectively. The leftmost region of the strip c corresponds to 
the vertex * of Q, and each vertex along the top (or bottom) with downwards, upwards 
orientation respectively, corresponds to an edge on Q, Q respectively {Q is the graph Q 
with all orientations reversed). Then the top, bottom edge of the strip corresponds is 
labelled by all paths on Q and Q which start at * and have the form given by v^*^ These 
paths are uniquely described by the sequence of edges they pass along. Let Hi, H2 be the 
Hilbert spaces corresponding to all paths of the form v*^^-* respectively. Then Z{c) 
defines an operator G End(ifi, H2) as follows. 
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For a cup U^'\ and paths a = ai ■ a2 ■ ■ ■ aj, P = Pi ■ ■ ■ Pj+2, 



For a cap n^^\ 

Mn«=M*«. (14) 
For an incoming (inverted) Y-fork Y*-*-* or A^*-*, 

\/(Ps{a,)<Pr{a,) 

(15) 



(16) 



where is a cell system on Q (see [231 E])- 

For an outgoing (inverted) Y-fork Y''*'' or X*^*"* , 



= M*(,), (17) 
M-„ = M;(,). (18) 

For a strip containing a rectangle with label Xk = y -^i^KT) 7') where A^^y G C 
and (7,7') G -Pij.jfe are matrix units indexed by paths 7, 7', we define the operator 
= Zipk) as follows. Let p^, be the number of vertical strings to the left, right 
of the rectangle in strip hk respectively, with orientations given by the sequences v^^*^^ = 
{v'^^'\ v^r\ • • • , 4f ^ vH) = (t;^\ v'-f''\ v^;'^^) respectively. Then T.,,,',,^ A,,y (/ii ■ 



7 ■ 1^2,1^1 ■ 7' ■ 1^2) defines a matrix Mfe^., where the summation is over all paths /ii on Q, 
Q of length of the form v^^*^ and paths ^2 on Q, Q oi length p'^ of the form v*^^*^. 
For a tangle T G Pjj with / horizontal strips Si, where Si is the lowest strip, S2 the strip 
immediately above it, and so on, we define Z{T) = Z{si)Z{s2) ■ ■ ■ Z{si), which will be an 
element of Pp,. 



Theorem 5.1 The above definition of Z{T) for any A2-planar tangle T makes the double 
sequence (Cij) into an A2-C* -planar algebra , with dim(Pi') = Ua, a = 0,1,2, and 
parameter [3]. 

Proof: This follows as in the proof of Theorem 5.4 in [7J, where the only small difference 
occurs for isotopies of the tangle which involve rectangles. However the invariance is 
simpler here as the connection is not used. □ 
The partition functions Z : 7\ — > C are defined as the linear extensions of the 
function which takes the basis path f to 0^. There is an extra multiplicative factor of c/)^ 
for the external region. This is required for spherical isotopy. 

Proposition 5.2 (cf. fIR Prop. 3.4]) The partition function of a closed labelled tangle 
T depends only on T up to isotopies of the 2-sphere. 



16 





Figure 9: Tr(a6) = Tr(6a) 



We normalize {(j)^) so that the partition function of an empty closed tangle is equal to 
one. We will say that the SU(3)-planar algebra of a graph Q is normalized if 



1. 



Theorem 5.3 (cf. /731 Theorem 3.6]) Let be the normalized A2-planar algebra of an 
AT>£ graph Q, with (normalized) Perron- Frobenius eigenvector Then for x G P^p 



tr(x) = [3] 



defines a normalized trace on the union of the P's, where x is any 0-tangle obtained 
from X by connecting the first i + j boundary points to the last i + j ■ The scalar product 
{x, y) = tT{x*y) is positive definite. 

Proof: The normalization makes the definition of the trace consistent with the inclusions. 
The property tr(a6) = tr(6a) is a consequence of planar isotopy when all the strings 
added to x to get x go round x in the same direction, as in Figure M Spherical isotopy 
reduces the general case to the one above. Positive definiteness follows from the fact that 
the matrix units e = (7, 7') G P^j are mutually orthogonal elements of positive length: 
(e, e) = [3]~'~-^0t;j0^2 > 0) where e G P^j is a pair of paths of length i+j starting at vertex 
Vi and ending at vertex V2, and 4>y > for all v since is a Perron- Frobenius eigenvector. 
□ 



5.1 as an ^a-^TL-module 

Let Ag denote the adjacency matrix of the graph Q. If ^ is three-colourable then Ag may 
be written in the form 






Aoi 











A12 


A20 









where Aqi, A12 and A20 are matrices which give the number of edges between each 0,1,2- 
coloured vertex respectively of Q to each 1,2,0-coloured vertex respectively. By a suitable 
ordering of the vertices the matrix A12 may be chosen to be symmetric. These matrices 
satisfy the conditions Aq^^Aqi = A2oA^g = AI2, AqiAq^^ = A^qA2o, which follow from the 
fact that Ag is normal [6J. For non-three-colourable Q, we define Aqi = A12 = A20 = Ag. 



Let A},-, Af ^ be the product of j, i matrices respectively, given by 



A01A12A20A01 



A— J, 



A, 
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where A' is Atttt if i is odd, A?^— ^ if i is even, and p is the colour of p. Note that A} is a 

normal operator since Aj/Al,)* = M/Al^f = (AqiA^,)^' and (Aj,,)*A,^,,- = = 
(AqiAq^)-^. Similarly Af^- is a normal operator. 

Let Pf, I e 23q, be the eigenvalues of A}^, and v^''^ their corresponding eigenvec- 
tors. Then {Alsfv'^^') = f^v^^^ and (AoiA^i)^^;^ = kl-^Kl-fv^^^ = |/?,|%('). Then if 
A; are the eigenvalues of AqiAq^ with corresponding eigenvectors f / G 23q, we have 
(AoiA^i)3t;(0' = xyi)' so that = and A; = 

Let ri' = min{no,ni}. The dimension of P^^ is given by the trace of AA"^ where A = 

(Ay)*(A^j)-', which counts the number of pairs of paths on Q. Since AA^ = (AA-^)*"*"-^, 

the trace of AA-^ is given by the sum ^i^f^j of its eigenvalues, / = 1,2, ...,n'. The 

eigenvalues i/fj are given by where I3f are the eigenvalues of A\^. The Hilbert 

series for is then given by 

1 1 

Proposition 5.4 fc/. /Ml Pro]?. i5y^ Let Q he one of the finite SU{3) AVE graphs, 
let (i, I = 1,2, . . . ,n' , be the non-zero eigenvalues of Aq.^, counting multiplicity, and let 
Pi be any cubic root of Q, I = 1,2, . . . ,n' . For all the three- colourable graphs except 

we have hq > ni, all the irreducible weight-zero A2-ATL-submodules of P^ are 
I = 1,2, . . . ,ni, and {uq — ni) copies of , and these can be assumed to be mutually 
orthogonal. For S'^'^'* we have rii > uq, and all the irreducible weight-zero A2-ATL- 

(12) 

submodules of P^5 are H^'- , I = 1,2, . . . ,nQ, and 2{ni — Uq) copies of , which can 
again be assumed to be mutually orthogonal. IfQ is not three- colourable, all the irreducible 
weight-zero A2-ATL-submodules of P^ are H^'- , I = 1,2, . . . ,no, where uq is the total 
number of vertices of Q. 

Proof: Consider the case where uq > Ui (the case for S^^'^^ where ni > uq is similar). 
Each /^/-eigenvector f = {v^), w G ^Jg of AqiAq^^ spans a one-dimensional subspace of 
P-^ that is invariant under A2-ATLQ. To see this, first consider the element croiO"i20"2o: 

0-010-120-20^^^''' = O-01O-12O-20 ^ = ^(AoiAi2A2o)«,',u>^^i!\ 



which, by the Pi eigenequation gives 

0-010-120-201; 



^'^ = E/5^2 = aV') (19) 



Similarly for o-2oO-|'20-oi. Next consider the general element cr given by the composition of 
2k elements a = 0-010-12O-200-01 • ■ ■ o^F^,fcO-i-^^^ ■ • ■ (TI2CT01: 

a^W = 5^(AoiAi2---A— _^A^^^---A^i)^,^t;« 



w'.w 



^((AoiA^J'^).,..« = J2\f^rvl' = l/^'l''^^'^- (20) 



w ,w 
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Any element of A2-ATLq is a linear combination of products of elements <yj,j±i such 
that the regions which meet the outer and inner boundaries have colour 0. Let a be 
such an element. Then the action of cr on the /^^eigenvector f^'^ is given by av^''^ = 
^ M{w' ,w)vw\ where M is the product of matrices A, A-^ given by replacing every 
Cjj+i, fj'j'-i in a by A, A^ respectively. Then by f fT9|) and fl20l) . this gives some scalar 
multiple of v^^\ Then each /5reigenvector v^''^ generates the submodule if^' by Proposition 
I4.16[ The inner product on H^^ coincides with the inner product on . To see this 
we only need to check its restriction to the zero- weight part because of ([8]). For any 
element A G As-ATLg, {Av,v)hPi = c{v,v)hPi whilst {Av^^\v^^^) pg = d{v^^\v^^^) pg . The 
element A is necessarily a combination of non-contractible circles, which gives the same 
contribution in as in i/^' by (US]), (EO]). So c = This shows that the inner product 
on the H^^ is positive definite, since the inner product on is. 

Similarly, a 0-eigenvector generates the submodule if", where for rio > rii, dim(if^'°) = 

1 and dim(if°'^) = dim(i7^'^) = 0, whilst for £^5^^'' we have dim(iJ°'^) = dim(if^'^) = 1 

and dim(i7^''') = 0. As in the SU{2) case, in order to make the resulting submodules 
orthogonal we take an orthogonal set of eigenvectors. □ 
For an AVE graph Q with Coxeter number n, let (3(1^ i^) be the eigenvalue of Q given 

by 

=exp ( + 2/2 + 3)] +exp (-_(2/i + /2 + 3)j+exp (21) 

for exponent (Zi, l-i). Then for the graphs ^^"^ we have for n ^ mod 3, 

P^'"> 3 nh^.H)^ (22) 

whilst for n = 3k, k > 2, 

pA^m ^ ®i70,o^ (23) 

where in both cases the summation is over all {h^h) ^ {(^i,'"^2)| 3m2 <n — 3,3mi + 
3m2 <2n — 6}, i.e. each is a cubic root of an eigenvalue of Aq 3. We believe that 

we in fact have equality here, so that p-^*"' = 0^^^ if^(ii.'2). In the SU{2) case this was 
achieved by a dimension count of the left and right hand sides [26l Theorem 15]. However, 
we have not yet been able to determine a similar result for the SU (3) A graphs. 

For the other AVE graphs. Proposition 15.41 gives the following results for the zero- 
weight part of P^. For the T) graphs, we have 

pi.(3'=)^ 0/^/3,,,,,) 33 3^0,0 (24) 

for k > 2, where the summation is over all (/i,/2) G {(mi,m2)|wi2 < k — l,mi + 772,2 < 
2k — 2, nil — = mod 3}, whilst for n ^ mod 3, 

P^'") 3 H^iH,,,^ (25) 
ihh) 
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where the summation is over all (/i, I2) € {{rrii, 7712) |3m2 < n — 3, 3mi + 3m2 < 2n — 6}. 
The path algebras for ^(")* and are identified under the map which send the vertices 
ii, ji and k of with the vertex / of / = 1, 2, . . . , [//2J . We have 

^ pTpW* ^ 0iJ%i.'2), (26) 

('1,^2) 

where the summation is over all {h, I2) G {(m, m)\m = 0, 1, ... , [{n — 3)/2j }. Similarly, 
the path algebras for £^^^ and are identified, and 

p£:(8) ^ p£-(8)* ^ ^/3(o,o) Hl3(3,o) i^/3(o,3) i;f/3{2.2)_ (27) 

For the graphs i = 1,2, 3, we have 

D i^^(O.O) 2i7^{2.2) if/3(4,4)_ (28) 

For the remaining exceptional graphs we have 

P^i''' D © /7/3{4,4) 2/70-0, (^29) 

pft^*) _^ fff^{0,0) ffP{6,0) ff(^(OS) }jP(AA) 7f /3(7,4) ff(^{4,7) }{l^(6,6) ]jl^(10,10) _ 

(31) 

The 742-planar algebra P = STL of |7j (for the graphs ^*^"-*) clearly have decomposition 
P = if" as an 742-v4TL-module, since S'TL is equal to the yl2-ATL-module H°' (see Section 
14.21) . Since every A2-planar algebra contains STL, the y42-planar algebra for all the AT>S 
graphs with a flat connection will contain the zero- weight module H°'. 

5.2 Irreducible modules with non-zero weight 

We will now present some conjectured irreducible y42-ATL-modules with non-zero weight. 
It is not known whether the inner-products on these modules are positive definite. Our 
construction of these modules is based on the following assumption. Let f{ti,t2)y ^(tiM) 
be the tangles illustrated in Figure [TOl Note that ^(t2,ti) is the rotation of ^(tiM) ^• 
These tangles can be viewed as some sort of "rotation by one" . They have rank (ti, ^2)- It 
appears that the infinite dimensional algebra = A2-ATLq^]^/ A2-ATL^q'^'' is generated 
by the two tangles ^{k,k) and '^(k,k), k > 1. From now on will assume that this is true. 

Let po^k be the 0, /c-tangle given by the image of ^{k,k)V(k,k) in Ak, illustrated in Figure 
[TTl and let pi^k-i be the image of po,fe under the map Qk : A2-ATLQ^k — ^ A2-ATLi^k-i as 
in Section 14. 1[ Then pj j is some sort of "rotation by two" . Indeed, it can be shown 
for 2trnax + ^min ~ "^(^ + ^'^ — ^^^^ Phi ^ rotation of order i + j in 

A2-ATL,JA2-ATLf/'\ i.e. ip,,,y+^ = 1,,,. 

By drawing pictures it is easy to see that '^(k,k)V{k,k) = Po,fc in Ak, and hence that 
^{k,k), ^{k,k) commute in Ak- It is also easy to check that 

^(k,k)^lk,k) = Vlk,k)V{k,k) = ^{k,k)^*(k,k) = ^*k,k)'f(k,k) = lo.fe, 
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Figure 10: ip^ti,t2) and ip(ti,t2) 




so that v^(fc = V^(fc\) and ^p*^!^ f.^ = V(^kk) inverse elements in Ak. Again, by drawing 
pictures it is clear that {,V{k,k)V\kk))^ ~ vfkk)- Then we have 

^{k,k) = i.'^lk,k)'^{k,k)f'^\k,k) = i.v\k,k)tvltk) = i.vlk,k))''i.'^{k,k)Vlk,k)f = (32) 

and so = v\kj.)V\ki.) and <^^fc^fc) = v\ki.)^\k,ky 

The algebras are infinite dimensional, since v^';,;.), I = 1,2,... , are all distinct 
and non-zero in Ak, as are ^(^^•), I = 1,2, .. . . One way to obtain a finite-dimensional 
A2-ATL-module V^('^'*^)''i' is to consider the element '^{k,k)^\kk) acting as a scalar 7^ in 
the lowest weight module V^*'_t'''^'^, i.e. ^{k,k)V\kk) ~ 7^1o,/c in ^o^^t''^^''^) for some 7 G C. By 
drawing the element "^ll^k) ^^^^ = T^^'lo,*:- Then we have '^Ik^k) = 7~^''V^(fc,fc)^ 

and by ([32]), 

--^^jfe /'-o* \k /^-2k,2k-l\k ^-2k^ ,2k^-k ^-2k'^ ^,2k(k-l) , „k ^-2k,k 

^{k,k) = {f{k,k)) =(7 <^(fe,fc)) =7 <^(fe,fc) =7 7 ^ V(fc,fc)=7 <^(fc,fc), 

SO that = 7"^V(fc,fc) = 7"'''lo,fc. Now <^ffc+fc)^ffcj) = <^(fe,fc)<?(fc,fc) = 7'lo,fc, so that 

~fc+l ,„k+l ~k-l ^,2~k+l fQQ\ 

V(^k,k)V(k,k)V(k,k) = 7 ^^k,ky (33) 

But we also have 

-'^'s+l ,„k+l ~2k ^-2k,k+l 

'P(k,k)fik,k)fik,k) = 'P{k,k)'P{k,k) = 7 <^(fc,fc)- (34) 
Comparing (l33l) and (IMl) we find that I'^'f^^l-^ = l~'^^v\kk)-' which gives 
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Then by ([32]), ([35]) we have 

¥^{k,k) = <^{k,k)<^(k,k)[y^{k,k)> = 'P(k,k)\V{k,k)) =7 V(fe,fc)(7 [V[k,k)))=l "PiKk)- 
Then 

l^JJ'^'^ = span(^J,,,)| / = 0, 1, . . . , 2fc - 1), 

where '/'(^fc) = 7^'^lo,fc- We see that ^P[k,k) acts on V^*'^''^'''''^ as ^2^, by permuting the 2k basis 
elements v^'^^), and so the A2-ATL-module V"'-'^''^' decomposes as a direct sum over the 
2/^th j^QQi^g Qf unity u of y42-ArL-modules V^C^'*^)-')'''^, where \/('^''^)'')'''^ is the cu-eigenspace 
for the action of Z2fc with eigenvalue uj. 

For each /c, we can choose a faithful trace tr' on Ak-, which we extend to a trace tr on 
A2-ATLo^k by tr = tr'ovr, where vr is the quotient map tt : A2-ATLo^k Ak- We can define 
an inner product on A2-ATL{i, j : 0, k) by {S,T) = tr(T*5') for any S,T E A2-ATL{i, j : 
0,k). Since k)^{k,k) = lo.fc, the decomposition into is orthogonal. If we 

let ^/'q'^ be the vector in v^^^''^)''''''^ which is proportional to X]^=o^('^7)~"'V^(fc fc) such that 

{'^o,k^^o'k) = 1' then f(k,k)^o,k = ^l^o'k- We see that dim{V^'j:''^'^'"') = 1, and I^J^t''^'^''^ 
is the span of ip'^''^. We define the Hilbert Ag-ATL-module H^^^''^'^^^ to be the quotient of 
Y{k,k),^,uj by the zero-length vectors with respect to this inner product. 

We can also construct a finite-dimensional y42-ATL-module V^^''^^ with lowest weight 
2 and minimum rank (3, 0) as follows. Let wj^^j'^^ be the vector space of all linear com- 
binations of tangles with one inner disc, where the outer disc has pattern i,j, the inner 
disc has 3 sink vertices, with one of these vertices chosen as a distinguished vertex, and 
such that as we pass along the string that has this distinguished vertex as its endpoint, 
the region to its right must be coloured 0. Let V^^j^^ be the quotient of W^/j'^'' by the ideal 

generated by the Kuperberg relations K1-K3. The vector space V^^^'"^ is infinite dimen- 
sional due to the possibility of composing the elements 92(3,0) an infinite number of times, 
where each yj'g q^, / = 1, 2, . . . , is a tangle which has rank (3, 0) and does not contain any 
closed circles, or embedded circles or squares. If however, we let ^{3fl)'fl3o) count as some 

scalar in ^(^'O), i.e. (y9(3,o)<^(3 g) = 7^ G C, then is finite-dimensional since 



— / ~x A I \ — ^ 




and hence v^(3o) = 7'^ G C (and similarly f^^^-^ is also a scalar). Since the elements v^*3o) 
and v'(3,o) are the same, 7^ = V'^30) = vfso) = 7^; so 7'^ G M. We will denote the module 
y(3,o) ^j^g^g (^(3^0)^*3^^^ = 7^ G C by •l/{3.0).7^ where 7 G M. 

Let Ui, Ui G A2-ATLi j, / = 1, . . . , j, be the annular z, j-tangles illustrated in Figure 
[T2I From drawing pictures, it appears that the lowest weight module V^*'!''^'*''*^ is the span 
of f;, / = 1, ... ,6, where vi is the tangle in Figure [T3l V21 = ^{2,2)^21-1, I = 1,2,3, and 
V21+1 = U1V21, I = 1,2. These are the only tangles we can find that have rank no smaller 
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Figure 12: Annular j-tangles [//, Ui, I = 1, . . . ,j 

than (3,0), do not contain any closed circles or embedded circles or squares, and which 
cannot be written as a linear combination of tangles of the form v'cp^^^^^ for some p G N, 

where v' is one of the elements vi above, and the tangle <f^(^Q-^ is inserted in the inner disc 
of v'. 




Figure 13: The basis elements Vj, z = 1, . . . , 6, of Vq 



The action of A2-ATLQ 2 on is given as follows. For a tangle T G A2-ATL{i, j : 

0, 2) and one of the elements vi above, we form Tvi and divide out by the relations K1-K3 
to obtain a linear combination of tangles with pattern i,j on the outer disc and three 
sink vertices on the inner disc. Any tangle that has rank < (3, 0) is equal to zero. For 
the remaining tangles, any tangle that is of the form f V('3 0) (P '^ust necessarily by some 

integer multiple of 3 to respect the colouring at the inner disc) becomes j'^v' G V^^'^^''^ . 

For any two elements S', T G V^j^^'^ , the tangle T*S will have three (source) vertices 
on its outer disc and three (sink) vertices on its inner disc. We use relations K1-K3 on 
T*S to obtain a linear combination ^jCj{T*S)j of tangles {T*S)i which do not contain 
any closed circles, or embedded circles or squares, where Cj G C. We let {S,T)i be 
zero if rank((T*5')i) < (3,0). Otherwise, {T*S)i will be equal to v^(3q) for some p = 

0,1,2,... , and we let {S,T)i be 7^. We then define an inner product on V^'^'^^''^ by 
{S,T) = 'EjCj{S,T)j. We define the Hilbert Aa-ATL-module iJ(3,o),7 ^ be the quotient 
of \/(3,0),7 by the zero- length vectors with respect to this inner product. 
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For 7 7^ ±1, Hq^^^''^ has dimension 6, and the action of A2-ATLq^2 on Hq^^^''^ is given 
exphcitly by 



V^{2^)V2l-l = V2U V{2^)V2l = V2I-I, / = 1,2,3, 

U1V21-1 = SV21-1, / = 1,2,3, U1V21 = V21+1, 1 = 1,2, UiVq = 7V 
'f{2,2)Vi = vi, Uivi = 0, for all /. 



For 7 = ±1, the dimension of i/^^f '^^ is 2, and Hj^f^^^' is the span of the elements 
Vi, V2 above. The action of A2-ATLQ 2 on Hq\^^'^^ is given by 

y^{2^)Vl = V2, f{2^)V2 = Vi, 

Uivi = 6vi, U1V2 = jvi, 

'^{2,2)Vl = Vl, UiVl = 0, / = 1,2. 

There is a similar description of modules H^^'^^''^ of minimum rank (0, 3), where there 
are now three source vertices on the inner disc. The roles of Ui and Ui are interchanged 
for 

We were able to conjecture certain irreducible modules of non-zero weight that the 
^2-plaiiar algebra for the graphs £^^^ and V^^^ should contain, since the action of the 
rotation po,2 on the A2-planar algebras for these graphs was much easier to write down 
than for the other graphs. 

For the graph £^^\ its zero- weight irreducible modules are if^(o.o), if'^ca.o)^ if^co.s) and 
ffP(2,2)_ gy computing the inner-products {vi,Vj) of the elements vi G H^^ explicitly, 
and using Mathematica to compute the rank of the matrix {{vi,Vj))ij, we computed the 
dimension of Hq'-^'"'' , Hq'-^'^^ Hq'-^'^^ and -ffg?'^' found that P^'**' did not contain any 
irreducible modules of lowest weight 1. It should be noted that Mathematica is not an 
open-source software, and the users have no way of knowing the reliability of results 
obtained using it. Similarly, by computing the dimensions of 1^ = -f^^2 °' © -^^^2 °' © 
-^0 2°'^' ® Hq2''^\ we find that dim(W) = 30 whilst dim(P^2*') = 36, so that the dimension 
of W-^ n Pq2 ^ is 6. Then for modules of lowest weight 2, we conjecture 

p^"'**' _ 0-^(0.0) ^ 0-/3(3,0) „ TT^(0,3) „ 0-/3(2,2) „ rr(3,0),£i rr(0,3),ei r^(2,2),7i ,£21 ^ rr(2,2),72,e3i 
-'0,2 ~ -'^0,2 ^0^2 ^0^2 -no_2 tb -^0^2 tb J^o^2 tb ^0,2 tb -"0^2 5 

where Ei G {±1}, i = 1,2, 3, and 71, 72 G T, where the exact values of these six parameters 
has not yet been determined. This conjecture arises from computing the eigenvalues of 
the actions of po,2, Ui and Ui on W'^ fl Pq2^ ■ Each action is a linear transformation, 
which we computed by hand, and then computed using Mathematica the eigenvalues of 
the matrix which gives this linear transformation. These eigenvalues are 

po,2 : 1 twice, — 1 four times, (36) 
Ui,Ui : [4]a(5~^, once, five times. (37) 

The eigenvalues of the actions of these elements on Hq\^^'"''^, Hq^^^'^ and Hq^^^'"' are given 
in the Table [H 

Then we see that W-^ ^PqT should contain one copy of both of Hq^2^''^^ and ifg^/^'^^ 
€i,e'i G {±1}, and since P^'*' is invariant under conjugation of the graph £^^\ we should 
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^2"^-/ i^-niodule 


P0,2 


Eigenvalues of the actio 

TJ 


n oi 

TT 


rr(2,2),7,cj 
^0,2 


2 








7/(3,0), ±1 
^0,2 


1, -1 


(x2) 


[4Ja;o , 


-"0,2 


1, -1 


[4]a6-\ 


(x2) 


7 ^ ±1 


1 (x3), -1 (x3) 


(x6) 


[4\a6-^ (x3), (x3) 




1 (x3), -1 (x3) 


[4]a(5~2 (x3), (x3) 


(x6) 



Table 1: The eigenvalues of the actions of po,25 Ui, Ui on //q^/^''^''^, H^^f^'"', 



have ei = e[. Then we need to rank (2,2) modules of '^^'^ such that the 

action of po,2 on both has an eigenvalue = —1, i.e. u = ±i. Since P^***' is invariant 
under complex conjugation, we would either have 71,72 G M or else 71 = 72. However, 
to determine the exact values of i = 1, 2, 3, and 71, 72, we would need to consider the 
action of ^(2,2) on W-^ fl Pq2^-, the computation of which would take many weeks to write 
down. So we have 

Similarly for the graph T)^^^ , we found that P^'*^' also contains no irreducible modules 
of lowest weight 1. Computing the dimensions of P^2^ and W = -ffg 2 °' ® -^0 2 f*^^ 
S^^'^ case, we find dim(P|^2'^') = 16 and dim(iy) = 14. Then the dimension of W^r\P^2'^^ is 
2, and hence Pi^2^ must either contain one copy of H^^f^'"' or else Hq^2^^'"'^''^^ ® uff^'^'^''^'^ . 
By considering the action of Po,2 on W^f\P^2\ 

we have the eigenvalue 1 twice. Then 

W = H^f'^'^'''^' © where uf = 1, i = 1, 2. Then we see that 

pB(6) ^ ^/3(o,o) ^0,0 ^ jj{2,2)rfi,ei ^ jj{2,2)rf2,e2 ^ 

where ei, £2 G {±1}, and either 71, 72 G M or else 71 = 72. Again, to determine the values 
of ei,7i, i = 1,2, explicitly requires considering the eigenvalues of the action of (p(2 2) on 

w^nPS:^. 
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